sional two-phase Stefan problems with a given convection term in the fluid phase, via the enthalpy formulation.
Due to their important applicative meanings, these problems have been extensively studied during recent years, both from theoretical and numerical points of view. For survey, we refer to Nochetto [21] and Danilyuk [7] .
Within a numerical frame, various algorithms have been proposed in order to approximate the solution of such problems. Most of them are based on discretization by me ans of backward différences in time combined with finite éléments (or finite différences) in space. Many results, including sharp error estimâtes, have been obtained for these algorithms (see Jerome-Rose [12] , Nochetto [17, 18, 19] , Elliott [9] , Nochetto-Verdi [22] ). Unfortunately, such schemes require, at each time step, the resolution of a nonlinear algebraic System which is quite expensive.
In order to avoid this difficulty, various linearized algorithms, essentially suggested by nonlinear semigroup theory, have been developed (see, e.g., Berger-Brezis-Rogers [2] , Verdi [26] , Magenes-Nochetto-Verdi [16], Nochetto-Verdi [23, 24] , Amiez-Gremaud [1] ).
In this paper, we consider an other linear scheme, introduced by Ciavaldini [6] for Stefan problems without convection, based on the approximation of the enthalpy formulation by Euler forward différences in time and C° piecewise linear finite éléments in space combined with numerical quadrature of the intégrais. Such a scheme is, therefore, easy to implement. We establish hère some error estimâtes in the case of Stefan problems with forced convection in the fluid phase.
Basic assumptions and notations
Let us first state the basic hypotheses we will use all along this paper. We assume that :
2 is a convex bounded polygonal domain and we set : 
v^y ' a-e.^e (0J), (1.6) n(.,0) = «o(. ) on 12.
(1.7)
Existence and uniqueness results related to problem (P ) are already known. For details, we refer to Kamenomostskaya [13] , Friedman [10] or Ladyzenskaya-Solonnikov-Ural'Ceva [14] , Within a solidification frame, problem (F ) naturally arises, after applying a Kirchhoff transformation, from standard heat transfer theory with phase change when the fluid phase is allo wed to move (b ^ 0) (see e.g. Ladyzenskaya-Solonnikov-UraFCeva [14] or Lions [15] ). In this case, the function f3 contains informations about thermal properties of the medium. The unknown w(x, t) represents the enthalpy variable whereas 0(x, t) dénotes the température at time t e (0, T) and at point x e H.
It is well worth noting that, according to the shape of 0, problem (1.5)-(1.7) models various other physical processes of relevant interest, such as, for instance, gas diffusion in porous media.
NUMERICAL SCHEME AND A PRIORI ESTIMATES
In this section, we will introducé a numerical scheme in order to approximate problem (P ). To this purpose, let us first define some notations and basic assumptions relative to the discretization.
Finite Eléments
Let (J&h)h>o ^e a family of triangulation of Ö which are made up with triangles K e (*& h ) of diameter h k ; we set h = max {h k , K e (TS/,)} and assume that :
is regular and quasi-uniform (see Ciarlet [4] ) ; (2.1) *(TSJ is acute, Le., VK e (T5 A ), a k = = = TT72, (2.2) where a k dénotes the angles of the triangle K.
Let us now consider the following finite element space :
as well as the discrete inner product (., . ) h and its corresponding norm || . || h defined for any continuous functions v and <j> by :
where r h is the Lagrange interpolation operator related to V A . Notice that the intégrais (r, 4>)h can ke calculated by rneans of the vertex quadrature rule.
It is well-known that ( ., . \ is an inner product onV A equivalent to the one induced by the classical L 2 topology, i.e. :
||t>|| «s ||i>|| A ssC ||i>|| , VüeF fc , (2.5) where C is a positive constant independent of h (see e.g. Raviart [25, p. 250] ). In addition, for any t>, <f> G V h , we have :
where C is a constant independent of h (see Ciarlet-Raviart [5] With these notations, we can state the following discrete scheme.
The numerical scheme
Problem (P hr ) : For n = 0, 1, ..., N -1, find J7 n + 1 e V A such that : 8) where ^f l and B n (n 5= 1) dénote respectively the discrete functions :
and where the initial data £7°, 0° and B ° are given by :
Remark 2.1 : The discrete probietn (f hr ) is a system of linear algebraic équations which clearly admits a unique solution for each n, 0 ^ n N -1. Moreover, according to relations (2.10) and (1.4), we get :
where C is a constant independent of h.
A priori estimâtes
In order to establish a priori estimâtes for the considered scheme, let us first recall an elementary property proved by Ciavaldini [6] . LEMMA 2.1 : For any functions (U n ) and (0 n ) satisfying relation (2.9), the following property holds : 
(2.15)
Proof : Let us choose <f> = r d0 n+l G V h in (2.8). We then get :
Using relation (2.7) as well as the following elementary equality :
we first notice that :
Moreover, applying Young inequality to the last term of (2.16) yields :
Using the Lipschitz-continuity of b, we have : Hence, summing over n from 0 to N -1 équation (2.19), we obtain which complètes the proof.
THE REGULARIZED PROBLEM
In order to prove error estimâtes for both variables U n and 6> n , solutions of problem (^^r), we will introducé some auxiliary problems. First of all, we will consider a family of nonlinear parabolic boundary value problems (P e ), which are regularized approximations of problem (F), obtained by smoothing the constitutive function p. Such a procedure has already been used in theoretical works in order to establish existence, uniqueness and regularity results for the solution of the basic problem (P ) (see e.g. Kamenomostskaya [13] , Friedman [10] or Ladyzenskaya-SolonnikovUral'Ceva [14] ), but also in numerical studies (see Jerome-Rose [12] or Nochetto [17] among others).
The regularized problem
Let us introducé the following strictly increasing function : Vfel*,*.]. Existence, uniqueness and error estimâtes related to problem (P e ) are known. Therefore, we will only summarize hère the main results. A detailed description of their proofs can be found, e.g., in Ladyzenskaya-SolonnikovUrarCeva [14] , Jerome-Rose [12] and in Nochetto-Verdi [24] for error estimâtes results. 
wit h :
and where u dénotes the solution of problem (P ).
Let us now consider the following regularized discrete scheme. and where the initial datum £7° is given by :
r A , V h and (., . ) A being defined in § 2.
Remark 3.1 : The discrete problem (P EhT ) is a System of linear algebraic équations which clearly admits a unique solution for n, 0 =s = n =s = Af -1.
Moreover the following stability results hold. PROPOSITION Proof: We first remark that the proof of Proposition 2.1 remains unchanged if we substitute fi by (3 s ; consequently, assertions (3.9)-(3.10) are verified. In order to obtain relation (3.11), let us notice that, according to définition (3.1), we have : Hence, choosing </> = r 3(9" + x in (3.6) and using a technique similar to the one developed in the proof of Proposition 2.1 easily leads to the required resuit.
: For any triangulation (TS^) satisfying assumptions (2.1), (2.2) and under the stability condition (2.13), there exists a constant C, independent of e, h and r, such that :
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ERROR ESTIMATES RELATIVE TO THE REGULARIZED SCHEME
In order to prove some error estimâtes, we need some additional notations. For any triangulation (t$ h ) and for any time step r, we set : U n denoting the solution of (P hT ) and analogously for U ehT and 6> eftr . Moreover, notice that, from now, we will refer to the solution of problem (P hT ) (resp. P £hr ), as being either U n (resp. t/J) or (t/ Ar , 6^) (resp.
For the sake of simplicity, we also introducé the following notations : Since O is a convex polygonal domain and since (75/,) is regular, it is wellknown that there exists a constant C, independent of h, such that : According to these notations, we are now ready to establish the following re suit. where u e and (U £hr , @ ehr ) dénote the respective solutions of problems (P 8 )and (P ehT ).
To prove this theorem, we will use a technique similar to the one developed by Nochetto-Verdi [22] . However, since this proof is lenghty, Proof : Take <f> = GE n + 1 in (3.3) and integrale on [nr, (n + 1) T[, then choose <f> = rG h E n + l in (3.6), take their différence and finally sum over n for 0 ^ n ^ m -l, 1 =s m =s = Af. We obtain, after reordering : Thus, it still remains to estimate the term s II and III. To this purpose, we first observe that : Therefore, we can choose n small enough in order to absorb the terms £ ||£1 2 , "Z \\E n + l -E"\\ 
11= £ T(fiU\ (G-G h )E") +
n = 1 + £ T((W", G h E") -(dU\ G h E") h ) = X + Y .
te[ö, T] O^m^N
Applying this last result to inequality (4.14) complètes the proof.
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GLOBAL ERROR ESTIMATES
In order to prove global error estimâtes, it still remains to analyse the regularization effects on discrete problems.
Error estimâtes relative to regularization in discrete problems
Let us first notice that, using a technique similar to the one developed in Nochetto-Verdi (see [24] , lemma 3, p. 1184) one can prove that : Let us now choose the test functions <f> n e V h defined as follows :
If we analyse separately terms I to III in (5.3), we get :
The term X can easily be bounded by means of Nochetto-Verdi results (see [24] , p. 1187) combined with (., . ) h définition ; namely 
Global error estimâtes
The first immédiate conséquence of ail our previous results is the following global estimate.
Let (M, 0 = P{u)) and (U hT , & hT ) be the respective solutions of problems (P ) and (P hT ). If assumptions (1.1)-(1.4), (2.1) and (2.2) hold, then, under the stability condition (2.13), and for any s => 0 small enough, there exists a constant C, independent of s, h and r such that : [20] . In particular, he shows that, under some qualitative assumptions upon the data, property (5.15) holds. Against that, there exists, to our knowledge, no characterization of discrete non-degenerate problems.
Remark 5.3 : Sharp error estimâtes for both température and enthalpy have been proven, in « non-degenerate cases » by Nochetto [17] (i.e. O (h )) for a Euler backward scheme without numerical intégration. On the other hand, Nochetto-Verdi [22] have obtained, for an Euler backward scheme combined with intégration quadrature rules, results equivalent to ours.
Remark 5.4 : Let us notice that numerical experiments show better error estimâtes than those predicted theoretically (viz. Q(h)). We refer for that to Amiez-Gremaud [1] .
Remark 5.5 : Finally, we would like to emphasize that the stability condition (2.13), which is a priori quite restrictive, can be relaxed by the use of a « super-step » method (see Gentzsch [11] or Droux [8] for numerical experiments).
